We present a general formalism to write the decay amplitude for multibody reactions with explicit separation of the rotational degrees of freedom, which are well controlled by the spin of the decay particle, and dynamic functions on the subchannel invariant masses, which require modeling. Using the three-particle kinematics we demonstrate the proposed factorization, named the Dalitz-plot decomposition. The Wigner rotations, that are subtle factors needed by the isobar modeling in the helicity framework, are simplified with the proposed decomposition. Consequently, we are able to provide them in an explicit form suitable for the general case of arbitrary spins. The only unknown model-dependent factors are the isobar lineshapes that describe the subchannel dynamics. The advantages of the new decomposition are shown through three examples relevant for the recent discovery of the exotic charmonium candidate Zc(4430), the pentaquarks Pc, and the intriguing Λ + c → pK − π + decay.
: Diagram for the three-body decay of a particle with spin J to particles labeled 1, 2, 3 with j1, j2, j3 spins, respectively. confine uncertainties of the two-body dynamics. While the latter lays outside of the scope of this paper, our framework provides a convenient basis for this investigation.
The rest of the paper is organized as follows. The details of the amplitude construction are discussed in Sec. II. In Sec. III the formalism is illustrated with three specific examples, namely, Λ + c → pK − π + , B 0 → ψ[→ µ + µ − ]π + K − , and
These reactions are relevant in exotic hadron searches and/or carry particular complications due to spin. All the necessary derivations are summarized in the Appendices, where we also compare our method to other approaches.
II. DALITZ-PLOT DECOMPOSITION
We focus on three-body decays, labeled as 0 → 1 2 3 as shown in Fig. 1 , where particles have arbitrary spin. The particles 1, 2, and 3 can decay further, however, we assume that their lifetimes are large enough so that the interaction between their decay products and the other particles can be neglected. In this case, the subsequent decay factors out of the 0 → 1 2 3 process. This holds for particles stable under the strong interaction (π 0 , D, . . . ), as well as for narrow resonances such as J/ψ, φ, η , . . . For simplicity we omit isospin indices and comment on the treatment of identical particles later in the text. The reference coordinate system is fixed in the rest frame of the decaying particle. The momenta configuration in this frame is referred as space-fixed center-of-momentum configuration (CM). The three-momenta of the decay products span a plane, therefore it is convenient to consider also an additional configuration. A specific event is said to be in an aligned configuration if the decay-products plane coincides with the xz plane of the coordinate system. Any event can be brought into the space-fixed configuration for the aligned one by an overall rotation determined by a set (α, β, γ) of Euler angles to be specified below [14] . The dependence of the reaction differential decay width on these angles is determined by the particle-0 spin-density matrix, and, for example disappears in the unpolarized case. In general, the choice of coordinates of the space-fixed frame is arbitrary, however, the polarization matrix is diagonal when the z-axis points in the direction of the polarization. For production of hyperons in colliding beams, the longitudinal polarization is suppressed due to parity conservation of the strong interaction [15] . Therefore, for baryon polarization studies it is convenient to choose the z-axis parallel to p beam × p 0 [16, 17] . The transverse direction is preserved when the system is boosted to the rest frame of particle 0. The xz plane is specified by requiring that it contains p beam . For polarization studies of charmonium production, the polarization direction is unconstrained, and, therefore, longitudinal frames are used [18] . Throughout the paper we use active transformations, i.e. the coordinates of the reference frames are fixed while the particle four-vectors change under boosts or rotations.
In the following we denote the transition amplitude for an initial state with spin J, and spin projection Λ quantized along the z axis in the space-fixed frame by M Λ {λ} . Individual spins and helicities of the three particles in the final state are denoted by j i and λ i , respectively, and collectively by {λ} ≡ (λ 1 , λ 2 , λ 3 ). The amplitude M Λ {λ} can be written,
where the Wigner D-function stands for the (2J + 1)-dimensional spinor representation of the rotation group (see e.g.
Ref. [19] ),
This rotation moves the momenta of the final-state particles from the aligned configuration ( p a 1 , p a 2 , p a 3 ) to the measured one, ( p 1 , p 2 , p 3 ). In this aligned configuration − p a 1 is oriented along the z axis and ( p a 1 , p a 2 , p a 3 ) lie in the xz plane. The vectors in the measured (space-fixed) configuration are obtained by first rotating the aligned configuration about the z-axis by γ, followed by rotations by β and α about y and z, respectively, where β and α are the polar and azimuthal angles of the measured direction of the − p 1 . The angle γ is the azimuthal angle between The upper row shows the measured space-fixed frame. The coordinate axes are fixed by the external conditions, such as the production mechanism and the definition of the polarization matrix. For the three cases, (ijk) ∈ {(123), (231), (312)}, the angles with a single index (θ k , φ k ) provide the direction of − p k , while the angles with the double index (θij, φij) give the direction of p i vector in the isobar-k helicity frame (i.e. (ij)-rest frame). The lower row shows the orientation of the vectors in the aligned CM, depicting the momenta of particles i, and j in the (ij)-rest frame.
the space-fixed y axis and the normal to the particles plane given by p 2 × p 3 , once p 1 has been aligned with the −z axis (see the first column in Fig. 2 , with α = φ 1 , β = θ 1 , and γ = φ 23 ). The index ν corresponds to the component the spin of the particle-0 quantized along the direction opposite to particle 1. The Euler angles appear naturally in a sequential decay of the particle-0 into an isobar (two-particle subsystem) and a spectator (particle 1), followed by the isobar decay to particles 2 and 3. Ω = (α, β) is the spherical angle determining the direction of the isobar motion in the space-fixed CM, and γ is the azimuthal angle of the relative momentum between 2 and 3 in the isobar helicity frame, obtained from the space-fixed CM with inverse rotation by Ω and a boost along z axis. The amplitude O ν {λ} = O ν {λ} ({σ}) describes the transition to the three-particle final state in the aligned configuration, so the relative motion between the particles is completely specified by Lorentz-invariant variables, {σ}. In the following, we refer to it as the Dalitz-plot function. For 0 → 1 2 3 decay we employ the Mandelstam variables: σ 1 = (p 2 + p 3 ) 2 , σ 2 = (p 1 + p 3 ) 2 and σ 3 = (p 1 + p 2 ) 2 , related by
where M is the mass of the particle-0 and m n are the masses of the outgoing particles. In terms of the Dalitz-plot function the differential cross-section reads,
where N is an overall normalization factor, and ρ is the spin-density matrix of the decaying particle. It is clear that in the unpolarized case, when ρ ΛΛ ∼ δ ΛΛ , the dependence on α, β, and γ drops out. Conversely, when one integrates over the Euler angles, the remaining distribution is not sensitive to the polarization. The amplitude M Λ {λ} can be written as a sum of three terms, each one defining its own aligned configuration,
Each term describes a two-particle partial-wave (isobar) sum labeled in the superscript with the index of the spectator particle to distinguish the three types of isobars. The isobar can alternatively be identified by the indices of the two particles it decays into. In the following we use both notations: the single index notation specifies the decay chain used in isobar angles, while the double-index notation is used for the relative momentum of the isobar-decay products.
In practical cases, one or more terms in Eq. (4) can be neglected if no sizeable interaction happens in that subchannel, e.g. as in π + π + . Schematically, the individual amplitudes, M (i) are given by the product of two subsequent twobody-decay amplitudes. The first one,
describes the decay of the particle-0 to the isobar (ij) and the spectator k. Here, n J = √ 2J + 1 is a common normalization factor, τ and λ k are the helicities of the isobar and the spectator particle, respectively in the spacefixed CM. The second one,
describes the decay of the isobar, with λ i and λ j denoting the helicities of the decay products, n s = √ 2s + 1. We note that the two amplitudes given above are evaluated in the different frames: Eq. (5) is evaluated in the space-fixed CM, while Eq. (6) is computed in the isobar helicity frame. The boost that relates the two frames affects the helicities of particles i and j as discussed below. In Eqs. (5, 6) , Ω denotes a pair of spherical angles, and the D function reads D(Ω) = D(φ, θ, 0). For each term in Eq. (4), these angles are tied to a different aligned configuration. The angles associated with the isobar in channel k are defined in the space-fixed CM. Ω k is the spherical angle of the momentum of the isobar, i.e. p i + p j (see Fig. 2 ), while the spherical angle Ω ij specifies the direction of motion of particle i in the isobar helicity frame. The latter is obtained from the space-fixed CM by applying a rotation inverse to R(Ω k ) and a boost along the z axis to the particle momenta. As a consequence, M (k),Λ {λ} is constructed from the product of the amplitudes in Eqs. (5, 6) and can be expressed as in Eq. (1), but with the set of angles (α, β, γ) → (α k , β k , γ k ) specific to the aligned configuration having particle k as the spectator. Since these sets are different, the sum of three amplitudes in Eq. (4) does not immediately factorize into a product of a single overall rotation function times O ν {λ} . Fortunately, since the three aligned configurations are defined in the same CM frame, they are related to each other by a rotation of angleθ k(1) about the y axis. Applying such a rotation to bring the configurations with spectator particles 2 or 3 to that with particle 1 as spectator transforms the sum of three amplitudes in Eq. (4) into the helicity
. We shall refer to this aligned configuration corresponding to the spectator particle 1 (bottom left in Fig. 2 ) as the canonical configuration. Finally, we note that before the amplitude in Eq. (6) can be combined with that of Eq. (5), the former has to be boosted from the isobar rest frame to the space-fixed CM. Due to the non-commutativity of Lorentz boosts, this induces a Wigner rotation which affects the helicities of particles i and j [20] . When working with the aligned configurations, the Wigner rotations are around the y axis and, therefore, are real functions of the Mandelstam variables. As a result, the final form of the Dalitz-plot function in the canonical configuration is given by
with all the angles given in terms of Mandelstam variables as shown in Appendix A. The first sum in Eq. (7) is over the three combinations, (ij)k ∈ {(23)1, (31)2, (12)3}, that correspond to the three different decay chains, with an isobar denoted either by the pair of particles it decays to, (ij), or the index of the spectator particle k. For every decay chain there are two helicity couplings, H, and the two Wigner d-functions in front of them that describe the orientation of the decay products in the corresponding binary transition. The argument of the first d-function,θ k(1) , is measured in the canonical aligned CM. It corresponds to the polar angle of the isobar k, (the direction opposite to p k ), with respect to the z axis (the direction of − p 1 in the canonical configuration). The argument of the second d-function, θ ij , is defined in the isobar rest frame, and corresponds to the polar angle of particle i with respect to the direction opposite to the direction of motion of the particle-0, i.e. − p 0 . Finally, ζ i k(0) are the polar angles of the Wigner rotations, computed in the particle i rest frame (see Fig. 3 ). The upper index refers to the particle, the lower index k sets the considered decay chain, and the label (0) reflects the fact that the set of helicities {λ} is defined in the rest frame of the resonance. The unprimed helicity indices are defined in the aligned CM while the primed indices correspond to helicities in the isobar rest frame. We note that for every decay chain one Wigner rotation is trivial, ζ i i(0) = 0, since the boost to the isobar rest frame is in the direction opposite to the spectator momentum (see Eq. (A6) in Appendix A). Figure 3 : Transformations of the aligned configurations of momenta in the decay p0(purple) → p1(blue) p2(orange) p3(green).
The rows correspond to the decay chains 3(12), 1(23), 2(31), respectively. The columns are different frames for each chain k(ij): I) the aligned CM with p k pointing to −z direction, II) vectors are boosted to the isobar k rest frame, where pi + pj = 0, III) the same configuration as before, but with p1 aligned with z, IV) vectors are boosted to particle-1 rest frame to show how the Wigner angles arise. The black arrows indicate the transformations, with self-explanatory indices. The clockwise rotations about the y axis are implemented with R(π, θ, π), the plane is flip by Rz(π) before and after the y-rotation (see Eq. (A4)).
The main energy-dependence of the spin s isobar is given by the X s ({σ}) function, which depends on a single Mandelstam variable: the square of the invariant mass of the isobar. The helicity couplings are parametrized in the LS scheme [5] :
where S is the spin of the isobar-spectator system and L is the relative orbital angular momentum. The expressions inside the brackets are the Clebsch-Gordan coefficients. The other helicity couplings between the isobar and its decay products, H
Parity conservation is straightforward to enforce in the LS scheme since a change in the orbital angular momentum by one unit flips the parity. Hence, parity conservation makes some LS couplings vanish in the amplitude construction. The helicity couplings are mass dependent due to the threshold factors [21, 22] . For vanishing break-up momentum p, the LS couplings go to zero as H LS ∝ p L . In Ref. [8, 9] we showed how this behavior enforces kinematical relations among the helicity amplitudes. Alternatively, one can use Eqs. (8, 9) to determine the threshold behavior of the helicity couplings. The kinematic constraints also exist at pseudothresholds and at the σ = 0 point [8, 9, [21] [22] [23] [24] [25] [26] .
These, however, are typically outside the physical region. 1 A customary form of the LS couplings is
where B L are Blatt-Weisskopf factors [27, 28] , and h LS are constant parameters. The formulation of decay amplitudes in terms of an energy-dependent function X s times LS couplings is convenient practically. However, both contribute to the isobar lineshape, and they cannot be disentangled in a model-independent way. The latter reads
We note that X LS;l s s is the only model-dependent component of Eq. (7) . While the lineshape functions with the same index s need to contain the same set of resonance poles, they are different for different LS, l s , and are unknown from first principles. Nevertheless, a framework fulfilling unitarity, analyticity and crossing symmetry, pioneered by Khuri and Trieman [29] (KT), can be used to calculate the X LS;l s s given the two-body elastic scattering phase shift of the relevant subchannels. The solution of KT equations establishes how the rescattering affects the isobar lineshapes, which indeed appear to be slightly different in different partial waves (LS, l s ), as well as dependent on the mass of particle 0 [10-13, 30, 31] .
Additional constraints arise from isospin symmetry which implies that couplings H LS → H LS,I are the same in channels related by rotations in the isospin space, with the relative strength between individual charge states determined by the Clebsch-Gordan coefficients,
Here I i , µ i with i = 1, 2, 3, and I, µ are the isospin and its component for the final-state and decay particles respectively, and I ij is the total isospin of the ij sub-system. One consequence of isospin symmetry is that I ij + s (see Eq. (9)) must be even if particles i, and j are identical bosons. The construction of the helicity amplitude O ν {λ} presented above can be generalized to more particles in the final state, in particular, to include subsequent two-body decays, 0 → 1 2 3 with 1 → 4 5, which are important for determining the polarization of 1, e.g. in J/ψ → µ + µ − or Λ → pK − . For such decays, the total amplitude can be written as a sum of products of the 0 → 1 2 3 and the 1 → 4 5 amplitudes. In the canonical configuration, the sum is over the helicity of particle 1, and the decay amplitude 1 → 4, 5 is evaluated in the helicity frame for this decay. We illustrate this case in specific examples below.
III. EXAMPLES
A. Λ + c → pK − π + decay chain Λ + c → pK − π + is the main hadronic decay of the ground-state charmed baryon Λ + c [28] . The measurement of the decay is facilitated by the fact that all final-state particles are charged [32, 33] . Each of the three subchannels has at least one clearly visible resonance in the Dalitz plot, Λ(1520) in the pK − channel, ∆(1232) ++ in pπ + , and K * (892) 0 in K − π + [33, 34] . Furthermore, the decay is supposed to contain a signal of the Λ(1405), which might be the manifestation of two different states according to UχPT predictions [35] ), and an intriguing narrow structure seen at the Λη threshold in the pK − invariant mass [36] . Finally, this decay gives a good handle on the measurement of the Λ + c polarization, important to study quark hadronization mechanisms [37] and to put limits on the electric dipole moment which is sensitive to physics beyond the Standard Model [38] . The amplitude analysis of this decay was performed in a single study of a small sample of 946 events collected in the E971 experiment [34, 39] . Given the interest in this reaction and significantly larger data samples gathered by the Belle and LHCb experiments, a new amplitude analysis is called for [32, 33] . We are providing a convenient framework for such analysis. Based on the 1 For example, the parametrization of dynamic functions suggested in Ref. [8] for B → ψπK removes singularities at several unphysical points, m 2 πK = 0, m 2 ψπ = 0, m 2 ψπ = m 2 π − m 2 ψ , and m 2 πK = m 2 B − m 2 ψ which are otherwise present given the simple forms for the lineshape from Eq.(10) and Eq. (11) . For the Λ 0 b → p J/ψ, K − amplitude studied in Ref. [9] , the pseudothresholds (out of the physical region as well) also require special consideration.
Dalitz-plot decomposition, Eq. (1), the amplitude reads,
where λ is the proton helicity in the rest frame of Λ c . The Dalitz plot function O ν λ ({σ}) is given by (cf. Eq. (7)),
where the three lines in Eq. (13) correspond to the three different decay chains, and we used d j λλ (0) = δ λ ,λ and θ 1(1) = 0, ζ 1 1(0) = ζ 1 1(1) = 0 (see Eq. (A6)) for the first decay chain. We also replaced ζ 1 2(0) and ζ 1 3(0) with ζ 1 2(1) and ζ 1 3(1) in the second and third chain, respectively (see Appendix A). One finds that Eq. (13) differs from the model used in Ref. [34] by the presence of Wigner rotations (the ζ angles in the second and the third decay chains do not appear in Table 3 and Table 4 of [34] ). As discussed before, these rotations are required for consistent description of the proton helicity states. In addition, the model of Ref. [34] does not permit a decomposition as in Eq. (1) and results in unphysical dependence on φ 23 , even for unpolarized Λ c .
Amplitude analysis of the B 0 → ψ(2S)π + K − decay has been performed by Belle [40, 41] and LHCb [42] [43] [44] revealing the exotic-charmonium candidate Z c (4430) + [45, 46] . The signal is also seen in B 0 → J/ψπ + K − , where hints of other exotic structures also appear [44, 47] . In the first analysis by Belle only the Dalitz-plot distribution was fitted [40] .
In the subsequent analyses, the angular distribution of the muon pairs from the ψ(2S) decays was included [41, 42] .
Although the amplitudes used in these analyses are consistent with each other and with our method (see Appendix B), we believe that our formulation is more transparent. The amplitude for the decay chain B 0 → µ + µ − π + K − , can be split into two parts B 0 → ψπ + K − and ψ → µ + µ − , denoted A and B, respectively (see the diagram below). The angular dependence is factored out according to Eq. (1) for both decays:
with λ being the helicity of J/ψ in the space-fixed CM. The muon helicities λ + and λ − are defined in the J/ψ rest frame obtained by a boost against the p 1 momentum from the canonical confirmation. We note that when a different frame is used to define the muon helicities the Wigner rotations for muon states might appear, which, however, cancel out in the expression for the cross-section if muon helicities are summed over. The overall D function that rotates the canonical configuration to the actual one is absent because B has spin zero. For the ψ decay amplitude, the spherical angles (φ + , θ + ) are the angles of µ + in the ψ helicity frame, reached from the aligned CM by a boost in direction of − p 1 . Hence, the azimuthal angle φ + is equal to the angle between the B meson decay plane and the plane containing the muon pair in the B rest frame. As customary, the helicity amplitude H 1→µ + ,µ − ±1/2,∓1/2 are negligible since m ψ m µ . The Dalitz-plot function is given by 3(1) ).
The Wigner rotation in the second line appears because the J/ψ, which in the Z-isobar chain has the spin quantized along the π direction, is boosted from the Z rest frame to the B rest frame. Equation (15) is equivalent to the amplitude used in the 2-dim. analysis of Ref. [40] . The extension to the 4-dimensional analysis that includes the muon angular distribution is as simple as Eq. (14), and its equivalence with the method used in [41] is demonstrated in Appendix B.
Pentaquark candidates were discovered in the reaction Λ 0 b → p K − J/ψ[→ µ + µ − ] as peaks in the J/ψp invariant mass distribution [48] [49] [50] . The amplitude analysis of Ref. [48] covers the full 6-dimensional phase space distribution: two of the three Euler angles that determine the orientation of the Λ 0 b decay plane, the two Dalitz plot variables, and the two angles which determine the distribution of the muon pair from J/ψ decay. Both decay chains with Λ 0 /Σ 0 isobars in pK − subchannel and P c isobars in J/ψp subchannel are described as a product of the amplitudes in Eq. (5) and Eq. (6), and of the J/ψ → µ + µ − amplitude. The muon angles are measured in the J/ψ rest frame obtained by a boost from the isobar rest frame in each decay chain. It was realized that these two different J/ψ helicity frames differ only by an azimuthal rotation that is compensated when the two decay chains are summed up. The Wigner rotation for the proton state was found to be a rotation about y and therefore real.
In our construction, we factorize the J/ψ decay analogously to Eq. (14) . The Euler angles for the decay-plane orientation appear for both, 1 → 3 decay of Λ 0 b and the J/ψ → µ + µ − .
with the term in the bracket describing the decay J/ψ → µ + µ − . The isobar decomposition of the Dalitz-plot function
where σ 1 = m 2 pK , and σ 3 = m 2 J/ψp . In the 0 → 1 2 3 decay, there are two particles with spin in the final state, J/ψ and the proton. In chain-1, which contains the hyperons, J/ψ (particle-1) is the spectator and the Wigner rotation applies to the proton only (particle-2), which is boosted from the hyperon rest frame to the Λ b rest frame. The second line in Eq. (17) provides the amplitude for the P c -decay chain, (chain-3) in which both J/ψ and proton are boosted from the P c rest frame to the Λ b rest frame and thus are both affected by a Wigner rotation. As before, the helicity amplitude H 1→µ + ,µ − ±1/2,∓1/2 are negligible since m ψ m µ .
IV. CONCLUSIONS
Modern hadron spectroscopy and beyond standard model searches often rely on amplitude analyses of multibody decays. The treatment of such decays necessitates the construction of multidimensional models able to separate the contributions of the various physical processes. However, the conventional way to build amplitudes mixes up angular variables (that give the orientation of the decay plane and provide information about the polarization of the decaying particle), and the dynamical variables such as the invariant masses of the decay subsystems (that provide information about the intermediate resonances).
We have proposed an amplitude construction that separates the angular variables from the dynamical variables in a model-independent way. For the 0 → 1 2 3 transition we have built a formalism that factors out the decay-plane orientation in such a way that the remaining dynamical function depends only on two invariant quantities, as required by the general principles. This dynamical function, the Dalitz-plot function, is subject to modeling. All angles required by the isobar model construction are known functions of invariant variables. The calculation of the angles in our approach does not require boosts or rotations between different frames, simplifying numerical calculations relative to the other approaches. Moreover by explicitly aligning particle in the decay plane, all rotations appearing in Eq. (7) are real functions. Therefore the phases arising in the amplitudes, beside the overall rotation in Eq. (1), are caused by dynamical reasons only.
In the formalism we proposed in this work, it is straightforward to maintain the consistency of the helicity states between different decay channels as enforced by Lorentz invariance. The remaining dynamical information, that, for example, distinguishes the tensor approach from the helicity formalism, appears in the isobar lineshape functions only. The latter are model dependent, and the differences between different models can be taken as theoretical uncertainties.
Appendix A: Expression for the angles in Dalitz-plot representation The isobar model construction for a general 0 → 1 2 3 decay shown in Fig. 1 contains multiple polar angles, which either are used to specify the direction of a final-state particle in a specific frame (θ k and θ ij ), or appear to account for the change of a helicity state upon boosts (ζ k i(j) ). The cosine of these angles can be explicitly expressed in terms of invariant variables. All the angles discussed above are polar, defined in the range [0, π], which makes their determination as a function of the cosine unique.
The scattering angle θ ij is defined in the rest frame of the isobar in the (ij) channel and it is the relative angle between particle i and the spectator particle k (see Fig. 3 ). Explicitly,
,
.
Arrows on the side of the equation show how the indices are related by cyclic permutations.
The angleθ k(i) gives the direction of the isobar in the chain-k given the canonical chain-i used for the alignment. Throughout the paper the canonical chain corresponds to i = 1, thus onlyθ k(1) are needed. In general,θ k(i) is defined in the aligned CM frame as the angle between the direction of isobar k and the direction opposite to particle i, so thatθ
For the angles with sequential index order, one finds
An angle with indices in nonsequential order, e.g.θ 2(1) , implies a clockwise rotation (see Fig. 3 ), which can be realized using rotation about z by π before and after:
in conventions of Wigner function in Eq. (2) . It results in the extra phase factor, 2
Eq. (7) contains nine angles for the Wigner rotation denoted by ζ i k(0) , where the upper index specifies which particle is boosted, the lower index k shows which decay chain is aligned, and number in parentheses indicates the frame where all helicities are defined (0 is for the aligned CM, the non-zero number would correspond to the isobar rest frame in the respective decay chain). The angle ζ i k(0) is equal to the angle between isobar i and isobar k in particle-i rest frame. The relevant angles can be found from the following relations:
, When the lower indices have nonsequential order, the clockwise rotation is implied. It results in a phase factor as discussed above,
for all k = 1, 2, 3. 
(321) (12) The Wigner angles with all different indices (e.g. ζ 1 2(3) ) do not enter Eq. (7) . Nevertheless, they are useful in checking numerical implementation. One finds simple sum rules (see Fig. 3 ):
where cos(ζ 1 2(3) ) =
. The decay amplitude in our approach is presented in Eq. (14) and Eq. (15) . However, the amplitudes in Ref. [41, 48] are written differently. The decay of ψ is not separated from the three-body decay of B, but it is taken into account for either decay chain separately by boosting to the dimuon rest frame from different frames, and defining the corresponding angles accordingly.
The amplitude was constructed using an isobar model with two chains, K * states in πK subchannel (chain-3 in discussion below), and Z chain (chain-1). Using the notations of this paper the expression for the Belle matrix element reads: where (θ, φ) are spherical angles of µ + in the ψ rest frame after the boost from the aligned CM, while (θ , φ ) are the spherical angles of µ + in the ψ rest frame after the boost from the (ψπ) rest frame. The factor exp(iξα) is added to align the helicities of chain-3 with the ones of chain-1. The angle α is defined as the difference of azimuthal angles of π and K * (sum of vectors of K and π) in the ψ rest frame [41] .
To validate the approach we perform the matching of Eq. (B1) to Eq. (14) and (15) . The equality of the first terms of both equations is clear. For the second terms of both equations to be equal, it is required that:
which would be valid if it holds for the rotation operators, i.e.
The latter can be visualized by acting with the inverse rotations from Eq. (B3) (in the order from left to right) on the system of particles (π, K, B, µ + , µ − ) in the ψ rest frame obtained from the chain-1 as shown in the left panel of Fig. 4 . The application of the first Wigner rotation of the transformations on the right side of Eq. (B3) is shown in the right panel of Fig. 4 . The following two rotations bring the µ + with from direction (θ + , φ + ) to the z axis. We note that p π stays in the xz plane since it belongs to the blue muon plane. The left-side transformations, applied to the left panel of Fig. 4 , align the direction of the µ + with the z axis directly already with the first two rotations. However, p B is in the xz plane (since it belongs to the blue plane) in that case. The final azimuthal rotation R z (α) on the left side of Eq. (B3) brings the particle momenta to the same configuration as the left side does since α is the difference of the azimuthal angles of B and π momenta (note that p K * = p B in the ψ rest frame, also see Fig. (14) in Ref. [41] ) in the configuration where muons are aligned with the z axis in the ψ rest frame. 
